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A criterion is presented which is easy to check in speciﬁc examples and provides
information as to when a given noetherian ring is not embeddable in an artinian
one. On the other hand, we provide sufﬁcient conditions for artinian embeddability
of several types of noetherian rings that have no nontrivial right ideals of reduced
rank zero.  2002 Elsevier Science
1. INTRODUCTION
Let R ⊂ S be rings such that 1R = 1S and suppose that S is right artinian.
A faithful Sylvester rank function λ can be deﬁned on ﬁnitely presented
right R-modules M by setting
λM = lengthM ⊗R SS
length SS

In [4], Dean and Stafford have shown that a certain homomorphic image R
of the enveloping algebra U2 cannot be embedded in an artinian
ring by proving that no faithful Sylvester rank function exists on ﬁnitely
presented R-modules. This was quite difﬁcult to establish, so one of the
purposes of this paper is to present a criterion for nonembeddability that is
easier to verify. Speciﬁcally, it is shown that if R is an irreducible noetherian
ring whose nilpotent radical N does not contain its left annihilator N,
and if K = 0 (where K denotes the largest right ideal of R that has zero
reduced rank), then R is not embeddable in a right artinian ring. Note that
1 The author gratefully acknowledges support from grant OGP0007261 awarded by the
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K = 0 means that the Sylvester rank function that arises from the reduced
rank is not faithful.
On the positive side, if K = 0 in a right noetherian ring R, then R/N
can be embedded in a semisimple artinian ring (Theorem 4.1). As a conse-
quence, a right primary noetherian ring with N ⊆ N is embeddable in a
right artinian ring, in fact, in a semisimple artinian ring, if and only if K = 0
(Theorem 5.3). Finally, Theorem 6.2 provides similar necessary and sufﬁ-
cient conditions for an irreducible noetherian ring with N + rN ⊆ N
to be isomorphic to a subring of a simple artinian ring.
2. NOTATIONS AND DEFINITIONS
All rings considered have a unit element 1. Modules are assumed to be
unitary. The notation IR means that I is a two-sided ideal of R. The
ring R is said to be irreducible if A ∩ B = 0 whenever 0 = ABR.
Let R and S be rings with unit elements 1R and 1S , respectively. By
an embedding of R in S we shall mean an injective ring homomorphism
f 
 R→ S such that f 1R = f 1S. In what follows, we will identify R with
f R, as well as 1R with 1S , and use the symbol 1 for both. If S is (right,
left) artinian, then f will be called a (right, left) artinian embedding.
Let R be a ring with unit element 1. A -valued function λ deﬁned on
ﬁnitely presented right R-modules is called a Sylvester rank function if it has
the following properties:
• λR = 1.
• There exists an integer n such that λM ∈ 1n for every ﬁnitely
presented right R-module M .
• If 0 → L → M → N → 0 is a short exact sequence of ﬁnitely
presented right R-modules, then λN ≤ λM ≤ λL + λN. If the
sequence splits, then λM = λL + λN.
The set Kerλ = r ∈ RλR/rR = 1 is called the kernel of λ.
• λ is called faithful if Kerλ = 0, that is, if λR/A < 1 for any
nonzero right ideal A of R.
• λ is called exact if λM = λL + λN for every short exact
sequence 0→ L→M → N → 0 of ﬁnitely presented right R-modules.
The (right) annihilator in R of a nonempty subset X of a right R-module
M is the right ideal
rRX = r ∈ R  Xr = 0
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Similarly, the left ideal
RY  = r ∈ R  rY = 0
denotes the (left) annihilator in R of a nonempty subset Y of a left
R-module. In both cases, the subscript will be omitted, if there is no
danger of ambiguity.
A right ideal E of R is essential, E ⊆ess RR, if E ∩X = 0 for every right
ideal 0 = X ⊆ R. The singular submodule of a right R-module M is the
submodule ZM 
= m ∈ M  rm ⊆ess RR. Note that ZRRR and
that ZRR ⊆ N , if R is right noetherian with nilpotent radical N .
A prime ideal P of R is associated with the right R-module M , if there
exists a submodule 0 = N ⊆ M such that P = rN ′ for all 0 = N ′ ⊆ N .
The set of all prime ideals that are associated with M is denoted by
AssM. Recall that if R is right noetherian, then AssM =  for any
right R-moduleM = 0. A ring R is right primary, speciﬁcally right P-primary,
if AssRR consists of only one prime ideal, say P .
For a two-sided ideal I of R, the multiplicatively closed set of elements
that are regular modulo I is denoted by I:
I = c ∈ R  cr ∈ I ⇒ r ∈ I and sc ∈ I ⇒ s ∈ I
The set I satisﬁes the left (right) Ore condition modulo I if for every
pair r c ∈ R × I there exists a pair r ′ c′ ∈ R × I, such that
c′r − r ′c ∈ Irc′ − cr ′ ∈ I. This is the case if and only if R/I has a classical
left (right) quotient ring; it holds, for example, whenever R/I is a semiprime
left (right) Goldie ring.
The reduced rank of a right R-module M , whenever deﬁned, is denoted
by ρM. Recall that if R is right noetherian with nilpotent radical N , then
ρM = 0 if and only if rRm ∩ N =  for each m ∈M .
For other terminology and basic results, the reader is referred to [10].
3. RIGHT ARTINIAN EMBEDDINGS:
A NECESSARY CONDITION
Theorem 3.1. Let N = 0 be an ideal of a ring R such that R/N has a
left classical quotient ring. Suppose that R embeds in a right artinian ring and
let c ∈ N. Then
Rc ∩ NIc = 0 for some 0 = IcR with Ic ∩ N = 
Proof. Let S denote the right artinian overring of R. By Fitting’s
lemma, S = ckS ⊕ rSck for some integer k > 0. Set d = ck and let
Ic = RRrSd +NS/NS. We claim that Ic ∩ N = . Observe that
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RrSd is ﬁnitely generated as a right ideal of S, since S is right artinian
with 1 and hence right noetherian. Let
RrSd =
m∑
i=1
rirSd where ri ∈ R 1 ≤ i ≤ m
Now, N is assumed to satisfy the left Ore condition modulo N; so
for every ri there exists di ∈ N such that diri ∈ Rd + N . By the left
common multiple property modulo N , there exists e ∈ N such that
e ∈ ⋂mi=1Rdi +N. Consequently, eri ∈ Rdiri +N ⊆ Rd +N for each i; so
eRrSd =
m∑
i=1
erirSd ⊆ Rd +NrSd = NrSd ⊆ NS
which establishes the above claim. Now, S = RdS + RrSd; hence
0 = RS = RRd ∩ RRrSd
⊇ RRd ∩ RNS · R
(
RrSd +NS
NS
)
= RRd ∩ RNIc ⊇ RRc ∩ RNIc
so Rc ∩ NIc = 0, as asserted.
Corollary 3.2. Let N = 0 be an ideal of a ring R such that R/N has
a left classical quotient ring. Suppose that there exists an element c ∈ N
such that
Rc ∩ NI = 0 for every IR with I ∩ N = 
Then R cannot be embedded in a right artinian ring.
Proof. This follows immediately from the preceding theorem.
In Section 5, it will be proved that an irreducible noetherian ring with
nilpotent radical N can be embedded in a simple artinian ring, provided
that N ⊆ N and Rc = 0 for all c ∈ N. The following special case
of the preceding corollary shows that such an embedding is not possible if
the second one of the above two conditions does not hold.
Corollary 3.3. Let R be an irreducible ring, let 0 = NR such
that R/N has a left classical quotient ring, and suppose that
(i) N ⊆ N;
(ii) Rc = 0 for some c ∈ N.
Then R cannot be embedded in a right artinian ring.
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Proof. Suppose that a right artinian embedding exists. Then it follows
from Theorem 3.1 that Rc ∩ NIc = 0 for some ideal Ic that contains
an element d ∈ N. The irreducibility of R implies that NIc = 0;
hence
N ⊆ Ic ⊆ d ⊆ N
which contradicts hypothesis (i).
The previous corollary provides a simple proof of the fact that the
enveloping algebra U of any complex Lie algebra  has a factor ring
that cannot be embedded in an artinian ring. Dean and Stafford [4] proved
this for  = 2, by applying the noncommutative version (see [12]) of
the Foster–Swan theorem to show that no faithful Sylvester rank function
exists for the ﬁnitely presented modules over the ring in question. In [3],
the same approach was used to establish the general case.
Example 3.4. Let  be a complex semisimple Lie algebra, and let K
and Z denote the augmentation ideal and the center, respectively, of the
enveloping algebra U. Then K ∩ ZU is a minimal primitive ideal
of U, and the set of prime ideals containing this primitive ideal has a
unique maximal element, namely K (see [5, Sections 8.4.4 and 8.5.8]). Note
that
K ∩ ZU/K ∩ ZK ∼= U/K ∼= 
as -vector spaces; so
dimK ∩ ZU/K ∩ ZK = 1
Now, let R = U/K ∩ ZK,
N = K ∩ ZU/K ∩ ZK and Q = K/K ∩ ZK
Then Q = N = rN, so that N ⊆ N and Rc = N = 0 for any
element c ∈ Q ∩ N. Since R is noetherian, the nonembeddability of
R in a right artinian ring will follow from Corollary 3.3, provided we can
show that R is irreducible. This is obvious for  = 2; in that case N
and Q are the only proper nonzero ideals of R (cf. [2, Example 6.4]). Let
 = 2 and suppose that R is reducible. Then there exists IU,
K ∩ ZK ⊂ I ⊆ K, such that K ∩ ZU ∩ I = K ∩ ZK. Now,
I ∩ Z = K ∩ ZU ∩ I ∩ Z = K ∩ ZK ∩ Z = K ∩ Z2
so
dim
(
K ∩ Z
I ∩ Z
)
= dim
(
K ∩ Z
K ∩ Z2
)
= rank > 1
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On the other hand, as -vector spaces,
K ∩ Z
I ∩ Z
∼= I + K ∩ Z
I
⊆ I + K ∩ ZU
I
∼= K ∩ ZUK ∩ ZU ∩ I =
K ∩ ZU
K ∩ ZK 
so
dim
(
K ∩ Z
I ∩ Z
)
≤ dim
( K ∩ ZU
K ∩ ZK
)
= 1
which is a contradiction. Therefore, R is indeed irreducible.
Remark. The author thanks S. Catiou for the above proof of the irre-
ducibility of R.
4. SEMISIMPLE ARTINIAN EMBEDDINGS:
A SUFFICIENT CONDITION
A remarkable theorem due to Schoﬁeld [11] asserts that an algebra A
over a ﬁeld k can be embedded in a right artinian ring (in fact, in a simple
artinian ring) S, if and only if a faithful Sylvester rank function λ exists
on ﬁnitely presented right A-modules. Furthermore, S is ﬂat as a left A-
module if and only if λ is exact.
For a right noetherian ring R the reduced rank ρ gives rise to an exact
Sylvester rank function λ on ﬁnitely generated right R-modules: λM =
ρM/ρRR. Its kernel is the ideal
K = x ∈ R  λR/xR = 1 = x ∈ R  ρxR = 0
so λ is faithful if and only if R contains no nonzero right ideals of reduced
rank zero. By [8, Lemma 1.3], the above function λ is faithful whenever
some exact faithful Sylvester rank function can be deﬁned on ﬁnitely gen-
erated right R-modules. Thus, by Schoﬁeld’s theorem, a right noetherian
k-algebra R can be embedded in a simple artinian ring S such that RS is
ﬂat, if and only if K = 0. In [1] and [9], various noetherian algebras were
shown to be embeddable in artinian rings by establishing that K = 0 in
each case.
In view of the above considerations, it is natural to ask when the con-
dition K = 0 allows an embedding of a noetherian ring R in an artinian
ring S. Of course, aiming for S to be simple or semisimple artinian is bound
to fail in general; the ring R = /p2, where p is a prime number, pro-
vides an easy example. However, under certain conditions this stronger kind
of embedding can be achieved.
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Theorem 4.1. Let R be a right noetherian ring with nilpotent radical N
and assume that K = 0. Then R/N can be embedded in a semisimple
artinian ring.
Proof. Consider the ring homomorphism
φ
 R→ EndRN φr = λr where λrx = rx
Clearly, kerφ = N, so
R/N ↪→ EndRN = EndR/NN
where equality follows from the fact that N is a right R/N-module. Since
K = 0, the singular submodule of NR/N is zero, so each endomorphism
of the module NR/N can be extended uniquely to an endomorphism of
its R/N-injective hull ER/NN. In other words,
EndR/NN ↪→ EndR/NER/NN
Let Q = QR/N denote the semisimple artinian right quotient ring of
R/N . Since E = ER/NN is injective and N-torsion-free, it follows
from Baer’s lemma that the R/N-module structure of E can be extended
to a right Q-module structure by deﬁning ec + N−1 = e′, where e =
e′c e e′ ∈ E c ∈ N; so
EndR/NER/NN = EndQER/NN
Now, ER/NN has ﬁnite uniform dimension as a right R/N-module; so
as a right Q-module it is semisimple of ﬁnite length. Since endomorphism
rings of semisimple modules of ﬁnite length are semisimple artinian, this
concludes the argument.
Remark. For a (left and right) noetherian ring, the preceding result can
also be deduced by using the following theorem due to R. Hart [7, Theorem
2]: the endomorphism ring EndRM of a ﬁnitely generated torsion-free
module M over a semiprime left and right Goldie ring R is semiprime left
and right Goldie.
Corollary 4.2. Let R be a right noetherian ring with nilpotent radical N .
If K = 0 and N ∩ N = , then N = 0; so R can be embedded in
a semisimple artinian ring.
Proof. Let c ∈ N ∩ N. Then Rc ⊆ N, and it follows that
N ⊆ Rc ⊆ K = 0.
In the next section, it will be shown that if R is a right primary right
noetherian ring, then the preceding corollary is still true, if the condition
N ∩N =  is weakened to N ⊆ N . However, this is not possible
in general.
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Example 4.3. Let R = /p2q, where p and q are distinct prime num-
bers. The nilpotent radical of R is
N = pq/p2q with N = p/p2q ⊆ N
Since R is artinian, N = 0; so K = 0, yet
N = pq/p2q = N = 0
Since R ∼= /p2 ⊕ /q, no embedding in a semisimple artinian ring is
possible, for otherwise the irreducible ring /p2 would be isomorphic to
a subring of square matrices over a division ring.
In Section 5, we will also show that for a right primary noetherian ring R
that satisﬁes N ⊆ N , the condition K = 0 is not only sufﬁcient but
necessary for R to be embeddable in a semisimple artinian ring. However,
in general, this is no longer the case, as the following example shows.
Example 4.4. Let k be a ﬁeld, and let M = kx/x, considered as a
k kx-bimodule. Consider the noetherian ring
R =
(
kx 0
M k
)

The nilpotent radical and its left annihilator are
N =
(
0 0
M 0
)
and N =
(
kx 0
M 0
)
⊆ N
respectively. The map
φ

(
f x 0
gx + x a
)
−→
(
f 0 0
g0 a
)
⊕ f x
is an embedding of R in the semisimple artinian ring M2k ⊕ kx. How-
ever, c = x0 01 ∈ N and Nc = 0; so K = N = 0.
It is perhaps worth noting that rN ∩ N =  and that K = 0,
where K = r ∈ R  ρRr = 0 denotes the left-handed equivalent of
the ideal K.
5. PRIMARY NOETHERIAN RINGS
Proposition 5.1. Let R be a right primary right noetherian ring with nilpo-
tent radical N such that N ⊆ N . If K = 0, then R embeds in a semisimple
artinian ring.
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Proof. Let AssRR = P. Suppose that N ⊆ P . Then P ⊆ess RR; so
P ⊆ ZRR ⊆ N
Since R is right P-primary, P ⊆ess RR; hence N ⊆ess RR. Therefore,
N ⊆ ZRR ⊆ N , which contradicts our hypothesis.
Thus, N ⊆ P . Let W/N denote the nilpotent radical of R/N.
Now, W k ⊆ N for some integer k > 0; so W k ⊇ N. Suppose that
W k = 0. Then
 = AssW k ⊆ AssRR = P
so W k ⊆ rW k ⊆ P . Since P is prime, it follows that N ⊆ W ⊆ P ,
which is a contradiction. Therefore, W k = 0; hence N = 0, and the
assertion follows from Theorem 4.1.
If the ring R in the preceding result is (left and right) noetherian, then
the converse is true; that is, if R embeds in a semisimple artinian ring, then
K = 0. For this, we need the following observation.
Lemma 5.2. Let R be a noetherian ring with nilpotent radical N . Then
Kc = 0 for some c ∈ N.
Proof. Let n be the index of nilpotency of N and consider the Loewy
series
0 ⊆ K ∩ N ⊆ · · · ⊆ K ∩ Ni ⊆ · · · ⊆ K ∩ Nn = K
The ith factor K ∩ Ni/K ∩ Ni−1 is N-torsion as a right R/N-
module and ﬁnitely generated as a left R-module; so it is annihilated by an
element ci ∈ N. Set c = cncn−1 · · · c1.
Theorem 5.3. Let R be a right primary noetherian ring R with nilpotent
radical N such that N ⊆ N . Then the following statements are equivalent.
(1) K = 0.
(2) R can be embedded in a semisimple artinian ring.
(3) R can be embedded in a right artinian ring.
Proof. The implication (1) ⇒ (2) follows from Proposition 5.1; the
implication (2) ⇒ (3) is trivial.
(3) ⇒ (1): Let AssRR = P and suppose that K = 0; so AssKR =
P; hence rK ⊆ P . By the above lemma, there exists an element c ∈
rK ∩N. Thus, Rc ⊆ P; so P ⊆ Rc. Since P ⊆ess RR, it follows
that Rc ⊆ess RR. By Theorem 3.1, Rc ∩ NIc = 0 for some ideal Ic
with Ic ∩ N = , and this implies that NIc = 0. Therefore, N ⊆
Ic ⊆ N , which contradicts the hypothesis N ⊆ N .
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6. IRREDUCIBLE NOETHERIAN RINGS
In general, a right noetherian ring R can be written as a subdirect product
of ﬁnitely many irreducible factor rings Ri. Thus, if each Ri is embeddable
in a right artinian ring, then R will be embeddable as well.
Proposition 6.1. Let R be an irreducible right noetherian ring with nilpo-
tent radical N such that N ⊆ N . If K = 0, then R embeds in a simple
artinian ring.
Proof. Since R is irreducible, RR has a unique maximal associated prime
ideal P . Suppose that P is not a minimal prime of R. Then there exists an
element c ∈ P ∩ N. Consequently,
0 = P ⊆ Rc ⊆ K = 0
This contradiction shows that P is minimal; so R is right P-primary. By
Proposition 5.1, R ↪→ S =⊕ni=1 Si, where each Si is simple artinian. If πi
denotes the projection of S onto Si, then
n⋂
i=1
Kerπi ∩ R ⊆ Kerπ1 + · · · + πn = 0
hence Kerπi ∩ R = 0 for some i by the irreducibility of R; so R embeds
in Si.
For the next result, let R be noetherian and let
K = x ∈ R  ρxR = 0 and K = y ∈ R  ρRy = 0
Note that by the left-handed version of Lemma 5.2, dK = 0, or, equiva-
lently, K = rdR for some d ∈ N.
Theorem 6.2. Let R be an irreducible noetherian ring with nilpotent rad-
ical N such that N + rN ⊆ N . Then the following statements are equiv-
alent.
(1) (i) N ⊆ N and K = 0, or (ii) rN ⊆ N and K = 0.
(2) R is embeddable in a simple artinian ring.
(3) R is embeddable in an artinian ring.
Proof. In view of the previous result and its left-handed version, only
the implication (3) ⇒ (1) needs to be proved. First, let N ⊆ N . Since
R is assumed to embed in a right artinian ring, it follows from Corollary
3.3 that Rc = 0 for all c ∈ N, whence K = 0 by Lemma 5.2. If
N ⊆ N , then our hypothesis N + rN ⊆ N implies that rN ⊆ N;
so K = 0 follows by the left-handed versions of Corollary 3.3 and Lemma
5.2.
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The methods used to obtain the above results fail for the “mixed” cases:
if R is irreducible noetherian with N ⊆ N and K = 0, but K = 0,
then R can certainly not be embedded in a simple artinian ring. Can it
be embedded in a left artinian ring? Similarly, if rN ⊆ NK = 0, but
K = 0, is R embeddable in a right artinian ring? Furthermore, we have no
information, if N + rN ⊆ N , except for the special case when N =
N . It is easy to see that then rN = N as well. In this case, R has an
artinian quotient ring, which is a consequence of the more general result
below.
Theorem 6.3. Let R be a noetherian ring with nilpotent radical N and
assume that N2 = 0. Then the following statements are equivalent.
(1) K = K = 0.
(2) R has an artinian classical (left and right) quotient ring.
(3) R embeds in an artinian ring S, such that RS and SR are ﬂat R-
modules.
Proof. (1) ⇒ (2): Let c ∈ N and suppose that xc = 0. Then x ∈ N;
so xN = 0. Since N is a right Ore set modulo N , for any r ∈ R there
exist elements r ′ ∈ R cr ∈ N, such that cr ′ − rcr ∈ N . It follows that
xrcr = 0; so x ∈ K = 0. Therefore, N ⊆ ′0 the set of left regular
elements of R. Since ′0 ⊆ N in any case (see, for example, [10,
Proposition 4.1.3]), we have that ′0 = N. Similarly, ′0 = N
follows by using K = 0. Thus, N = 0, and (2) holds by Small’s
theorem (see, e.g., [10, Corollary 4.1.4]).
(2) ⇒ (3): It is well known that a right (left) classical quotient ring of
a ring R is ﬂat as a left (right) R-module.
(3) ⇒ (1): This follows from [6, Proposition 9].
In concluding, we mention that a noetherian ring R with K = 0 can be
embedded in an artinian ring, provided that the clique of every P ∈ AssRR
satisﬁes the incomparability condition. Although this condition has been
shown to hold for many classes of noetherian rings, it is still not known
whether it holds in general. See [6] for details.
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